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| Outline

* Constrained and convex optimization

e Optimality conditions
* Descent iterative methods: gradient algorithms
* Convergence results
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Remark: pictures are taken from the reference books




| Constrained optimization

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex set of R™
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minimize f(x)
subjecttox € X
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X is a non-empty closed convex set of R™




| Convex sets

Aset X € R"™is convex if

ax+(1—a)y e X,Vx,y € X,Va € [0,1]




| Convex sets

Aset X € R"™is convex if

ax + (1- a)y|€ X,Vx,y € X,Va € [0,1]




| Convex sets

Aset X € R"™is convex if

ax + (1- a)y|€ X,Vx,y € X,Va € [0,1]

The empty set and R™ are convex
The intersection of any collection of convex sets is convex
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X+ (1-a)y, Dea <l

Convex Sets




Convex sets

||
axX+(1-a)y, O=a <1 :-:‘ ‘i

Convex Sets Nonconvex Sets
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| Convex sets

A convex set has nice “shape”:

e connected

 atanypointx € X, thereis a feasible direction

Def. d € R"is a feasible directionatx € X if x + ad € X for all
a > 0 that are sufficiently small.
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Constraint set X




Convex sets

A convex set has nice “shape”:
* connected
 atanypointx € X, thereis a feasible direction

Xo A

Feasible
directions at x

Constraint set X

X4

If X convex, feasible directions are givenbyd =y —xwithy € X
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| Constrained optimization

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R"

x € X is afeasible solution for the optimization problem
it X = R™, then the optimization problem is unconstrained




| Local and global minima

A feasible x™ € X is
* alocal minimum of f over the set X if
Jde > 0 such that f(x*) < f(x),Vx € X with |[x — x*|| < ¢
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| Local and global minima

A feasible x™ € X is
* alocal minimum of f over the set X if
Jde > 0 such that f(x*) < f(x),Vx € X with |[x — x*|| < ¢
* aglobal minimum of f over the set X if
f(x)<f(x),VxeX

A local/global minimum is strict if f(x*) < f(x) for x # x*
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| Existence of a minimum
||

f(x) =xand f(x) = e* have no minima over X = R

How shall we know that at least a (global) minimum of a function
f over X does exist?

Sufficient conditions for the existence of a minimum:
i) f continuous and X compact (closed and bounded)

ii) f continuous, X closed, and f coercive (l}irﬁl f(x) = +x)
X||—™00

What about local versus global minima?




| Convex functions and minima
||

Let X € R™ be a convex set and f: X — R a convex function.

Then, a local minimum x* of f over X is also a global minimum.
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Then, a local minimum x* of f over X is also a global minimum.
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| Convex functions

f:X — R is a convex function if X convex and

flax+ (A —-a)y) <af(x))+ (A —-a)f(y),Vx,y € X,Va € [0,1]
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N| Convex functions

(a) An affine function (b) A quadratic function (c) The 1-norm

All norms are convex functions

flax+ (1 —a)y) < f(ax) + f((l — a)y) [triangle inequality]
=af(x) + (1 —a)f(y) [homogeneity]




| Convex functions and minima
||

Let X € R™ be a convex set and f: X — R a convex function.

Then, a local minimum x* of f over X is also a global minimum.




| Convex functions and minima
||

Let X € R™ be a convex set and f: X — R a convex function.
Then, a local minimum x* of f over X is also a global minimum.

Proof [by contradiction]:
Suppose that there exists X € X such that f(x) < f(x").
Then,

flax*+(1—a)x) <af(x)+ A —-a)f(x) < f(x"),Va

which contradicts that fact that x* is a local minimum.




onvex functions and minima

J-c

flax*+ (1 — a)x)
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af(x*) + (1 —a)f(x)

I




| Convex functions: first order characterization

f: X — R differentiable is a convex function if and only if

fO)=fX)+VFx)'(y—x),Vy€EX Vx€X

\
@) +7f)' =)

the first order Taylor expansion at any point is a global under-
estimator of the function




| Convex functions: first order characterization

Proof [only if]

flay+(Q—-—a)x)zafy)+(1—-—a)f(x),Va e [0,1],Vx,y € X
By rewriting, we get
fx+aly—x)) = fl)+a(f(y) —fx))
from which it follows
fx+aly—x))— f(x)
fO) = f) 2=

y—x)

asa —~> 0%, f(y) —f) =2 Vf(x)'(y —x)




| Convex functions: first order characterization

Proof [if]
z=ay+ (1 —a)x
From
fO)zf@2)+Vf(2)(y—2)
fx) = f(2) +Vf(z) (x —2)
we obtain

af M)+ (A —a)f(x) = f(2)+Vf(2)(ay + (1 —a)x — z) = f(2)
which rewrites as
af )+ (1 —a)f(x) = f(ay + (1 — a)x)

i.e., [ is convex




| Convex functions: first order characterization

f: X — R differentiable is a convex function if and only if

fO)=fX)+VFx)'(y—x),Vy€EX Vx€X

\
@) +7f)' =)

the first order Taylor expansion at any point is a global under
estimator of the function

growth of a convex function is at least linear
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f:X — R is a convex function if
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| Convex functions

f:X — R is a convex function if

flax+ (A —-a)y) <af(x))+ (A —-a)f(y),Vx,y € X,Va € [0,1]

f:X = R is a strictly convex function if

flax + (1 =-a)y) <af(x) + (A -a)f(y),
Vx,y e X, x #y,Va € (0,1)

f)>fl)+Vf)'(y—x),VyeX,VxeX,x #y
growth of a strictly convex function is more than linear




| Convex functions and minima
||

Let X € R™ be a convex set and f: X — R a convex function.
Then, a local minimum x* of f over X is also a global minimum.

If f is also strictly convex,
then there exists at most a global minimum of f over X.




| Convex functions and minima
||

Let X € R™ be a convex set and f: X — R a convex function.
Then, a local minimum x* of f over X is also a global minimum.

If f is also strictly convex,
then there exists at most a global minimum of f over X.

Proof [by contradiction]:
Suppose that x™ and y*are both global minima.

Then, by strict convexity:
f(0.5x* +0.5y") < 05f(x*) +0.5f(y*) = f(x*)
which contradicts the fact that x™ is a global minimum




| Convex functions

f:X — R is a convex function if

flax+ (A —-a)y) <af(x))+ (A —-a)f(y),Vx,y € X,Va € [0,1]
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f:X = R is a strongly convex function if there exists u > 0 such that
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| Convex functions

f:X — R is a convex function if

flax+ (A —-a)y) <af(x))+ (A —-a)f(y),Vx,y € X,Va € [0,1]

f:X = R is a strictly convex function if

flax+ (1 —a)y) <af(x)+ A -a)f(y),
Vx,y e X, x #y,Va € (0,1)

f:X = R is a strongly convex function if there exists u > 0 such that

a(l — «)

14
e — y)?, € [0,1]

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y) -

strongly convex = strictly convex = convex




| Convex functions

f:X = R is a strongly convex function if there exists u > 0 such that
a(l —a)

flaz+ (1 —a)y) < af(z) + (1 —a)f(y) — Bllz — y||?, a € 0,1]

2

Equivalently,

g(z) = f(z) — ngHQ is convex




| Convex functions

f:X = R is a strongly convex function if there exists u > 0 such that

a(l — «)
2

flaz+ (1 —a)y) < af(z) + (1 —a)f(y) — Bllz — y||?, a € 0,1]

Equivalently,
g(z) = f(z) — ngHQ is convex

Proof [exercise]:

follows from the definition of convex function for g(x)




| Convex functions

f:X = R is a strongly convex function if there exists u > 0 such that

a(l — oz),u|

5 lz —y||?, a€l0,1]

flar+ (1 —a)y) < af(z) + (1 —a)f(y) -
Equivalently,

g(w) = f(w) = Sz is convex
and if f is differentiable

) 2 @) + Vi@ (y—a) + Glly - . Yo,y € X




| Convex functions

f:X = R is a strongly convex function if there exists u > 0 such that

a(l —a)
2

flaz+ (1 —a)y) < af(z) + (1 —a)f(y) — Bllz — y||?, a € 0,1]

Equivalently,
g(z) = f(z) — ngHQ is convex
and if f is differentiable
) 2 @) + Vi@ (y—a) + Glly - . Yo,y € X

Proof [exercise]:

follows from the first-order condition for convexity of g(x), i. e.
g9(y) > g(x) + Vg(x)" (y — x), Y,y
B N




| Strong convexity

) 2 @) + V@) (g — o) + Sly —al, Yo,y € X

In practice, strong convexity means that there exists a quadratic
lower bound on the growth of the function.




| Strong convexity

) 2 @) + V@) (g — o) + Sly —al, Yo,y € X

In practice, strong convexity means that there exists a quadratic
lower bound on the growth of the function

for a convex function the growth is at least linear
for a strictly convex function the growth is more than linear
for a strongly convex function the growth is at least quadratic




| Convex functions

If f:X = RwithX C R is twice continuously differentiable,
then we can characterize convexity, strict convexity and strong
convexity as follows:

i) f convex if and only |f f ~(x) = 0,VxeX
ii) f strictly convex |f f >(x) > 0,VxeX

i) f is u-strongly convex if and only if ﬁ (x) >, Vxe X




| Convex functions

If f:X = RwithX C R is twice continuously differentiable,
then we can characterize convexity, strict convexity and strong
convexity as follows:

i) f convex if and only |f f ~(x) = 0,VxeX
ii) f strictly convex |f f >(x) > 0,VxeX

i) f is u-strongly convex if and only if ﬁ (x) >, Vxe X

Remark:

ii) is a sufficient but not necessary condition

2
Example: f(x) = x* is strictly convex but 4 f — (x) = 12x7?




| Outline

 Constrained and convex optimization

e Optimality conditions

* Descent iterative methods: gradient algorithms
* Convergence results

* Non differentiable setting




| Optimality conditions

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R™

Characterization of local minima through necessary and/or
sufficient conditions in:

* the unconstrained case (X = R")
* the constrained case (X € R")




| Optimality conditions — unconstrained opt

Necessary conditions for x* to be a local minimum of f over R™

 First order condition: zero slope at x*

Vf(x*) =0

where Vf is the gradient of f (i.e., Vf; = or

axi




| Optimality conditions — unconstrained opt

Necessary conditions for x* to be a local minimum of f over R™

 First order condition: zero slope at x*
Vf(x*) =0
where Vf is the gradient of f (i.e., Vf; = or

axi

Def. x* is a stationary point if it satisfies the first order condition.




| Optimality conditions — unconstrained opt

Necessary conditions for x* to be a local minimum of f over R™

 First order condition: zero slope at x*
Vf(x*) =0
where Vf is the gradient of f (i.e., Vf; = or

axi

Def. x* is a stationary point if it satisfies the first order condition.

e Second order condition: nonnegative curvature at x*
V2f(x*) positive semidefinite

0%f
axiaxj

)

where V£ is the Hessian matrix of f (i.e., V*f;; =




| Optimality conditions — unconstrained opt

First order cost variation
fx*+Ax) = f(x")+VF(x") Ax

Second order cost variation

fx*+Ax) = f(x")+Vf(x™)' Ax + %Ax’sz(x*)Ax




| Optimality conditions — unconstrained opt

First order cost variation non-negative

nOf @)

i=1  0X;

Vi(x*) Ax = z

AX,: = 0, VAx

= first order condition follows




| Optimality conditions — unconstrained opt

First order cost variation non-negative

moof(x’)

Vi(x*) Ax = z Ax; = 0,VAx

= first order condition follows

Second order cost variation non-negative
1
Vf(x*) Ax + EAx’sz(x*)Ax > 0, VAx

- second order condition follows




| Optimality conditions — unconstrained opt

These optimality conditions are necessary but not sufficient

- there may exists points that satisfy both conditions but are
not local minima

k1) =x3 A f(x)=-1x8




| Optimality conditions — unconstrained opt

Sufficient conditions for x* to be a local minimum of f over R™

* First order condition: zero slope at x~
Vf(x*) =0
where Vf is the gradient of f (i.e., Vf; = or

6xi
* Second order condition: positive curvature at x

V2f(x*) positive definite

2
where V£ is the Hessian matrix of f (i.e., V*f;; = s

)

axiaxj




| Optimality conditions — unconstrained opt

Second order cost variation positive

1
Vf(x*) Ax + zAx’sz(x*)Ax > 0,VAx # 0




| Optimality conditions — unconstrained opt

Sufficient but not necessary...

Ai(x) = 1413




N| Optimality conditions — unconstrained convex

Let X € R™ be a convex set.
If f: X — R is convex then the first order condition

Vf(x*) =0

is necessary and sufficient for x™ to be a global minimum




| Optimality conditions — unconstrained convex

Let X © R™ be a convex set.
If f: X = R is convex then the first order condition

Vf(x*) =0

is necessary and sufficient for x™ to be a global minimum

U

all stationary points of a convex function are global minima




| Optimality conditions — unconstrained convex

f:X = Ris aconvex function if and only if

f@O=2f)+Vf(x)'(z—x),VzeX,VxeEX

\
fQ) +7f()' (2 =)

the linear approximation of f at a point x based on its gradient
underestimates f =2 the first order Taylor expansion at any point
is a global under-estimator of the function




| Optimality conditions — unconstrained convex

Af(x) = 1xI3 (convex)




| Optimality conditions

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R™

Characterization of local minima through necessary and/or
sufficient conditions in:

* the unconstrained case (X = R")
* the constrained case (X € R")




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)' (x—x*) =2 0,Vx €X

Def. x* is a stationary point if it satisfies this necessary condition.




| Optimality conditions — constrained opt

Proof:

First order cost variation
fx*+Ax) = f(x*)+Vf(x") Ax

Since x™ is a local minimum
VF(x*)'Ax =0

for any feasible (small) variation Ax, i.e., any Ax such that
x*+Ax eX

Since X is convex, feasible variations are of the form x — x™ with
x € X, which leads to the optimality condition

VF(x*)' (x—x*) =2 0,Vx € X




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X

Geometric interpretation:

the gradient Vf(x*) makes an
angle smaller than or equal to
90° with any feasible variation
X—x"

Constraint set X

Surfaces of equal cost fix)




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X

Example of failure if X non convex

Constraint set X




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X

Example of failure if X non convex

Constraint set X

x — x " with x € X is not a feasible direction in this case




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X

If f is convex over X, then, this condition is also sufficient for x~
to be a (global) minimum of f

- in the convex case stationary points are all global minima




| Optimality conditions — constrained opt

Necessary condition for x™ to be a local minimum of f over the

convex set X
VF(x*)'(x—x*) =2 0,Vx €X

If f is convex over X then this condition is also sufficient for x~
to be a (global) minimum of f

Proof [convex f]:

Vx € X, fx)=f(x")+ V(™)' (x —x*) [f convex]
> f(x*) |necessary condition above]

-2 x™ is a global minimum




| Example of constrained convex optimization

Projection over a convex set
Let z € R™ and X € R™be a non-empty closed convex set.

Then, problem
minimize f(x) = ||z — x||?
subjecttox € X

has a unique solution Py [z], which is the projection of z on the
convex set X according to the Euclidean norm




| Projection over a convex set
|

Proof [existence and uniqueness]:

Existence
it satisfies the sufficient condition for the existence of a
minimum:

f continuous, X closed, and f coercive (l}irﬁl f(x) = +x)
X||—00

Uniqueness
f(x) = ||z — x]|? is strictly convex




| Projection over a convex set
|

Projection Theorem
Let z € R™ and X € R™be a non-empty closed convex set.

Then, we have that:

x* € X is the projection of zon X, i.e., x™ = Py|z], if and only if
(z—x")'(x—x")<0,VxeX




| Projection over a convex set
|

Projection Theorem

Let z € R™ and X € R™be a non-empty closed convex set.
Then, we have that:

x* € X is the projection of zon X, i.e., x™ = Py|z], if and only if
(z—x")'(x—x")<0,VxeX

Geometric interpretation:

Constraint set X

x" is the projection of zon X

if and only if the angle between

z — x"and every feasible variation
x — x" is larger than or equal to 90° 7ox




| Projection over a convex set
|

Projection Theorem

Let z € R™ and X € R™be a non-empty closed convex set.
Then, we have that:
x* € X is the projection of zon X, i.e., x™ = Py|z], if and only if
(z—x)'(x—x")<0,VxeX
Proof:
minimize f(x) = ||z — x||?
subjecttox € X

is a convex optimization problem. This implies that
x* = Py|z] if and only if
VF(x*)'(x—x*) =2 0,Vx € X
where Vf(x*) = —2(z — x™)




| Projection over a convex set
|

Projection Theorem

Let X € R™ be a non-empty closed convex set.
The projection map T: R™ — X defined by
T(z) = Px[z]
is continuous and nonexpansive, i.e.,
IT(z) =TIl < llz—yll,vz,y € R"




| Outline

* Constrained and convex optimization
« Optimality conditions
* Descent iterative methods: gradient algorithms

e Convergence results




| How to determine a minimum?
||

Direct use of the optimality conditions to obtain a stationary
(possible a minimum) point is not a viable approach except for
special cases.

Optimality conditions are useful in the design and analysis of
iterative algorithms for determining a minimum.

Termination conditions are typically based on checking if the
optimality conditions are satisfied for the current candidate
solution.




| Iterative descent methods

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R"

|dea: iteratively update a tentative solution by moving along a
descent direction so as to converge to a minimum

e Gradient methods




| Gradient methods

At each k, the (feasible) tentative solution is updated as follows

Xik+1 = X + akdk,k = 0,1,
where «ay, is a positive stepsize and d; must be a feasible
direction satisfying the descent condition
Vf(xk)'dk <0

In this way, the first order cost variation

fOoes1) — fxp) = V() ardy
is negative and, for sufficiently small ay,, x;., 1 is feasible and the
cost f decreases




| Gradient methods

At each k, the (feasible) tentative solution is updated as follows
Xik+1 = X + akdk,k = 0,1,

where «ay, is a positive stepsize and d; must be a feasible
direction satisfying the descent condition

Vi(x)'d, <0

Stopping criterion:
optimality conditions satisfied at the current iterate, i.e.,

Vf(xx+1) = 0 for the unconstrained case
VF(xgse1) (x — xp41) = 0,Vx € X for the constrained case




| Gradient method: iterative scheme

* Starts with a feasible xy € X
* Generates a sequence {x;, } according to
Xi+1 = X + apdg, k =0,1, ...
where if x;, is not stationary, d,, is a feasible direction at x;
which is also a descent direction, i.e.,
Vi(x)'d <0
and the stepsize ais chosen to be positive and such that
X, + aipd, € X
* If x;41 is stationary, i.e., it satisfies the optimality conditions
then, the method stops.




| Iterative descent methods

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R"

Gradient methods
* the unconstrained case (X = R™)
* the constrained case (X € R™)




| Gradient methods — unconstrained opt

Many gradient methods take the form:
Xi+1 = X + apdy, k =0,1, ...
with
dy = =Dy Vf(xy)
where D,, is a positive definite symmetric matrix.




| Gradient methods — unconstrained opt

Many gradient methods take the form:
Xi+1 = X + apdy, k =0,1, ...
with
dy = =Dy Vf(xy)
where D,, is a positive definite symmetric matrix.

Indeed, if Vf(x;) # 0,

Vf(xi)'die = =Vf(Q) Dy Vilxe) <0




| Gradient methods — unconstrained opt

Many gradient methods take the form:
Xi+1 = X + apdy, k =0,1, ...
with
dy = =Dy Vf(xy)
where D,, is a positive definite symmetric matrix.

Steepest descent: d, = —Vf(xg)




| Gradient methods — unconstrained opt

Many gradient methods take the form:
Xi+1 = X + apdy, k =0,1, ...
with
dy = =Dy Vf(xy)
where D,, is a positive definite symmetric matrix.

Newton’s method: di, = —[V2f ()] 0 f(x)

fi(x) :\~f1 Quadratic Approximation of f at »0

dp = 1,k — 1,2,

if f convex, V2f (x)
positive semidefinite

Quadratic Approximation of f at x1




| Choice of the stepsize

e Minimization rule

a;, = argmin f( x; + ady)
a=0




| Choice of the stepsize

e Minimization rule
a;, = argmin f( x; + ady)

a=0
* Constant stepsize
a, =c, k=0,1,..
* Diminishing stepsize
lim dp = 0
k— oo

with 2;?:0 A = O and Z;zozo al% < ®




| Iterative descent methods

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R"

Gradient methods
* the unconstrained case (X = R")
* the constrained case (X € R")




| Gradient methods

At each k, the (feasible) tentative solution is updated as follows

Xik+1 = X + akdk,k = 0,1,

where ay, is a positive stepsize and d; must be a feasible
direction satisfying the descent condition

Vi) 'd, <0




| Gradient methods — constrained opt

the descent directions have to be feasible so as to maintain
feasibility of the iterates

Xo A

Feasible
directions at x

Constraint set X




| Gradient methods — constrained opt

How to easily obtain a feasible direction dj, at x;?




| Gradient methods — constrained opt

How to easily obtain a feasible direction dj, at x;?

Since X is convex, all feasible directions can be expressed as
dk = fk — X
with fk e X




| Gradient methods — constrained opt

How to easily obtain a feasible direction dj, at x;?

Since X is convex, all feasible directions can be expressed as
dk = fk — X
with fk e X

We then get
Xp+1 = X + apdy = x + ap (X, — xy)

which belongs to X for any a; € (0,1].




| Gradient methods — constrained opt

How to easily obtain a feasible direction dj, at x;?

Since X is convex, all feasible directions can be expressed as
dk = fk — X
with fk e X

We then get
Xp+1 = X + apdy = x + ap (X, — xy)

which belongs to X for any a; € (0,1].

-> need to choose X € X such that
V() (X —x) <0
[descent condition]




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Conditional gradient method

X, = argmin Vf(x,) (x — xi)
xeX




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Conditional gradient method

X, = argmin Vf(x,) (x — xi)
xeX

Note that X, satisfies the descent condition
V() (X —x) <0
unless x;, is a stationary point




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method
X = Px[xp — ciVf(xg)]




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method
X = Px[xp — ciVf(xg)]

Note that X, satisfies the descent condition
V() (X —x) <0
since by the projection theorem
(X, —ci VIxy) — %) (x —x,) <0, Vx € X

Constraint set X




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method
X = Px[xp — ciVf(xg)]

Note that X, satisfies the descent condition
V() (X —x) <0
since by the projection theorem
(X, —ci VIxy) — %) (x —x,) <0, Vx € X
and if we set x = x;, we obtain

1
V(xe) (O —xp) < —— %, — xi |12
K




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method
X = Px[xp — ciVf(xg)]
If a;, = 1, then,
Xp+1 = Xk = Px[xp — eV f(xp)]

Gradient projection reduces to a steepest descent step when
X — ckVflxy) €X




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method
X1 = Pylxy — e ViI(xe)]

/ Xk+1 — Ch+1V [ (Xk+1)




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method: x;, .1 = Py[x; — ¢, Vf(xk)]
The algorithm stops when
Xi+1 = Pxlxp — e VI(xg)] = xp

and this occurs if and only if x;, .1 = x;, = x™ is a stationary point.




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method: x;, .1 = Py[x; — ¢, Vf(xk)]
The algorithm stops when
Xi+1 = Pxlxp — e VI(xg)] = xp
and this occurs if and only if x;, .1 = x;, = x™ is a stationary point.

Proof: a stationary point has to satisfy
VF(x*)' (x—x*)=20,Vx € X

which is equivalent to
(x*—yVf(x™) —x")'(x —x*) <0,Vx € X,Vy > 0,




| Projection over a convex set
|

Projection Theorem
Let z € R™ and X € R™be a non-empty closed convex set.

Then, we have that:

x* € X is the projection of zon X, i.e., x™ = Py|z], if and only if
(z—x")'(x—x")<0,VxeX




| Gradient methods — constrained opt

Xp+1 = X + ap (X — x)

Gradient projection method: x;, .1 = Py[x; — ¢, Vf(xk)]
The algorithm stops when
Xi+1 = Pxlxp — e VI(xg)] = xp
and this occurs if and only if x;, .1 = x;, = x™ is a stationary point.

Proof: a stationary point has to satisfy
VF(x*)' (x—x*)=20,Vx € X

which is equivalent to

(x*—yVf(x™) —x")'(x —x*) <0,Vx € X,Vy > 0,
that is satisfied if and only if x™ is the projection of
z=x" —yVf(x")onX

2>Py[x" — ¢, Vf(x™)] = x™ is stationary




| Choice of the stepsize

e Minimization rule
a;, = argmin f( x; + ady)

a€l0,1]
* Constant stepsize
a, =c¢,k=0,1,..
e Diminishing stepsize
lim dp = 0
k—oo

with Yoo ap = ©and Ype ap < ©




| Outline

* Constrained and convex optimization
« Optimality conditions
* Descent iterative methods: gradient algorithms

e Convergence results




| Gradient methods: convergence

minimize f(x)
subjecttox € X

f:R™ — R is a continuously differentiable function over X
X is a non-empty closed convex subset of R"

Only convergence to stationary points can be guaranteed.

4

In the convex case, convergence to a global minimum can be
guaranteed, since each stationary point is a global minimum




| Convex optimization

minimize f(x)
subjecttox € X

f:R™ = R is a continuously differentiable convex function over X
X is a non-empty closed convex subset of R™
Properties:

(a) Alocal minimum of f over X is also a global minimum. If f is
strictly convex, then, there exists at most one global minimum

(b) The optimality conditions are necessary and sufficient for a
point to be a global minimum of f over X or, equivalently, all
stationary points are global minima

(c) Convergence to a stationary point means convergence to a
global minimum




| Gradient methods: convergence

Since in gradient methods
Xik+1 = X + akdk,k = 0,1,

where d;, satisfies the descent condition
Vf(xk)'dk <0

if d; tends to be orthogonal to the gradient Vf (x;) when x;,
approaches a nonstationary point, then, there is the risk of
getting stuck near such a point




| Gradient methods: convergence

Since in gradient methods
Xik+1 = X + akdk,k = 0,1,

where d;, satisfies the descent condition
Vf(xk)'dk <0

if d; tends to be orthogonal to the gradient Vf (x;) when x;,
approaches a nonstationary point, then, there is the risk of
getting stuck near such a point

4

technical conditions are considered on d,, for this not to happen.
They are naturally satisfied or enforced in the algorithm




| Gradient methods: convergence

Gradient related condition:

For any subsequence {x; }rcx that converges to a nonstationary
point, the corresponding subsequence {d; }cx is bounded and
satisfies

limsup Vf(xg)'d;, <0
k—oo, kEK




| Gradient methods: convergence

Gradient related condition:

For any subsequence {x; }rcx that converges to a nonstationary
point, the corresponding subsequence {d; }cx is bounded and
satisfies

limsup Vf(xg)'d;, <0
k—oo, kEK

This rules out the possibility of converging to a nonstationary
point through a sequence characterized by directions dj,
orthogonal to the gradient V f (x)




| Convergence results — unconstrained opt

Proposition [stationarity of limit points for gradient methods]

Let {x;, } be a sequence generated by a gradient method
according to

X1 = X + apdy.
Assume that {d, } satisfies the gradient related condition and
ayis chosen by the minimization rule

a; = argmin f( x;, + ady).
a=0

Then, every limit point of {x, } is a stationary point.




| Convergence results — unconstrained opt

Proposition [stationarity of limit points for gradient methods]

Let {x;, } be a sequence generated by a gradient method
according to

X1 = X + apdy.
Assume that {d, } satisfies the gradient related condition and
ayis chosen by the minimization rule

a; = argmin f( x;, + ady).
a=0

Then, every limit point of {x, } is a stationary point.

Remark:

d, = =D Vf(x;) with D, positive definite with bounded
eigenvalues, i.e., c¢(||z||* £ Z'Dyz < c,||z||* satisfies the
gradient related condition




| Convergence results — constrained opt

Proposition [stationarity of limit points for gradient methods]

Let {x;, } be a sequence generated by a gradient method
according to

X1 = X + apdy.
Assume that {d, } satisfies the gradient related condition and
ayis chosen by the minimization rule

a;, = argmin f( x; + ady).
a€l0,1]

Then, every limit point of {x; } is a stationary point.




| Convergence results — constrained opt

Proposition [stationarity of limit points for gradient methods]
Let {x;, } be a sequence generated by a gradient method
according to

X1 = X + apdy.
Assume that {d, } satisfies the gradient related condition and
ayis chosen by the minimization rule

a;, = argmin f( x; + ady).
a€l0,1]

Then, every limit point of {x; } is a stationary point.

Remark:

Conditional gradient and gradient projection (with ¢, constant)
methods satisfy the gradient related condition




| Convergence results
||

What about the constant and diminishing stepize rules?




| Convergence results
||

What about the constant and diminishing stepize rules?

Some onvergence results have been proven under some
regularity assumption on the gradient (Lipschitz continuity):
i) f continuously differentiable

i) there exists L > 0 such that

W) =Vl < Lllx —yll,vx,y € R"




| Convergence results — unconstrained opt

Proposition [convergence for a constant stepsize]
Let {x;, } be a sequence generated by a gradient method
Xi41 = X + apdy.
Assume that {d, } satisfies the gradient related condition and that

the gradient is Lipschitz continuous with constant L > 0. If there
exists € such that for all k
(2 = )|Vf(xi) dl
L]l |l
Then, every limit point of {x}, } is a stationary point.

O<€SC¥RS




| Convergence results — unconstrained opt

Proposition [convergence for a constant stepsize]

Let {x;, } be a sequence generated by a gradient method
Xik+1 = Xg + akdk.
Assume that {d, } satisfies the gradient related condition and that

the gradient is Lipschitz continuous with constant L > 0. If there
exists € such that for all k

(2 = )|Vf(xi) dl
Ll|dy |l
Then, every limit point of {x}, } is a stationary point.

O<€SakS

Remark:

d, = —D,Vf(x;) with D, positive definite with bounded
eigenvalues, i.e., ¢zl £z Dz < c,l|z||?, ¢ = ¢y >0,
(2—-€)cy
LC12

satisfies the gradient related conditionand 0 < € < q, <




| Convergence results — constrained opt

Convergence results for the constant stepsize case are specific to
the considered method.

Here, we consider the gradient projection method and provide
statement and proof.

We first need to show an instrumental lemma.




| Convergence results — gradient projection

Descent Lemma
If the gradient Vf is Lipschitz continuous with constant L > 0, then,

L
fle+y) = f) <y'Vfl) +5 Iyll%, vx,y




| Convergence results — gradient projection

Descent Lemma

If the gradient Vf is Lipschitz continuous with constant L > 0, then,

L
flet+y) = f0) <y + 5 lIyI% vy
Proof. Set g(a) = f(x + ay). Then,

FG+y) — f() = g(1) — g(0) = f

0

1

dg
T (a)da

1
=j y'Vf(x +ay)da
0




| Convergence results — gradient projection

Descent Lemma
If the gradient Vf is Lipschitz continuous with constant L > 0, then,

L
fG+y) = () < YTFGO) +3 lyII2, v,y
Proof. Set g(a) = f(x + ay). Then,

FGc+y) — F(0) = g(1) — g(0) = j

0

1

dg
P (a)da

1

= Jr yVf(x+ay)da
0
1
< Jf y'Vf(x)da +
0

1
f VY (Vf(x + ay) — VF(x))da
0




| Convergence results — gradient projection

Descent Lemma
If the gradient Vf is Lipschitz continuous with constant L > 0, then,

L
fG+y) = () < YTFGO) +3 lyII2, v,y
Proof. Set g(a) = f(x + ay). Then,
FOcty) = () = g(D) - g0 = |
0
-1

= | y'Vf(x + ay)da
0

1

dg
P (a)da

1

< ry’\7f(x)da+
Jo

1
L
<y'PFC+ [ Iyl Lallyllde = y'7rG) + 5 Iy
0

1
f V(Vf(x + ay) — VF(x))da
0




| Convergence results — gradient projection

Proposition [convergence for a constant stepsize]

Let {x;, } be a sequence generated by the gradient projection
method

Xk+1 = Px[xe—cVf(xg)]
Suppose that the gradient Vf is Lipschitz continuous over X with

constant L > 0. Then, if

2

D<c<—
‘<1

every limit point of {x, } is stationary.




| Convergence results — gradient projection

Proposition [convergence for a constant stepsize]

Let {x;, } be a sequence generated by the gradient projection
method

Xk+1 = Px[xe—cVf(xg)]
Suppose that the gradient Vf is Lipschitz continuous over X with

constant L > 0. Then, if

2

D<c<—
‘ST

every limit point of {x, } is stationary.

Remark: if f is continuously differentiable and X is compact,
then, Lipschitz continuity of the gradient is guaranteed.




| Convergence results — gradient projection

Proof.
By the descent lemma

L
fle+y) = f) <y'Vfl) +5 Iyll%, vx,y

ifwesetx = x, andy = xp.1 — X, We get

L
1) = fxk) < (per — x) 'V (x) + 5 X 4+1 — Xk||2




| Convergence results — gradient projection

Proof:

Observe now that xj, .1 = Py[x;—cVf(x,)] so that by the
projection theorem
(e —cVf(xe) — Xp41) (¢ — X41) <0, VX €X

If we set x = x;, we obtain

Vf(xk), (Xk+1 — X) < _E |xXg+1 — Xk”z




| Convergence results — gradient projection

Proof:
By combining the two inequalities that we have just proven, i.e.,

L
1) = flxk) < (psr — x) 'V (x) + 5 X1 — Xk||2

Vi(xg) (Xg+1 — xx) < —7 loxks1 — Xpll®

we get

1 L

f(xp1) < flxg) — (Z — E) 141 — Xp 1l




| Convergence results — gradient projection

Proof:
By combining the two inequalities that we have just proven, i.e.,

L
1) = flxk) < (psr — x) 'V (x) + 5 X1 — Xk||2

Vi(xg) (Xg+1 — xx) < —7 loxks1 — Xpll®

we get

1 L

f(xp1) < flxg) — (E — E) 141 — Xp 1l

2 s o
If0<c< = then, if x™ is the limit point of a subsequence

{x} }exe we have that f(x;) I f(x™) and then
Ili_)ITolo||xk+1 — x| =0




| Convergence results — gradient projection

Proof:

Tim [l g = xi [l = 0
—00

where Xy = Px[x—cVf(x,)] = T (x).

By the continuity of the projection map, it then follows that x*
satisfies T(x*) = x* and, hence, it is stationary.




| Convergence results — unconstrained opt

Proposition [convergence for a diminishing stepsize]
Let {x;, } be a sequence generated by a gradient method
Xi41 = X + apdy.

Assume that the gradient Vf is Lipschitz continuous with
constant L > 0 and that there exist positive scalars ¢; and ¢,
such If there exists € such that for all k

e IVFx)ll? < =VF (xx) die, ldill? < eIV f (e )I?
Then, if a diminishing stepsize is adopted, every limit point of
{x, } is a stationary point.




| Convergence results — unconstrained opt

Proposition [convergence for a diminishing stepsize]

Let {x;, } be a sequence generated by a gradient method
Xi41 = X + apdy.

Assume that the gradient Vf is Lipschitz continuous with

constant L > 0 and that there exist positive scalars ¢; and ¢,
such If there exists € such that for all k

e WV Cep)ll? < =VF(xx) die, ldill® < oIV O 112

Then, if a diminishing stepsize is adopted, every limit point of
{x, } is a stationary point.

Remarks:

d, = —D,Vf(x;) with D, positive definite with bounded
eigenvalues satisfies the conditions above.

Similar results hold for the constrained optimization case.




| Outline

* Constrained and convex optimization
« Optimality conditions
* Descent iterative methods: gradient algorithms

e Convergence results




